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Fifty Years with Algebraic Analysis

Masaki Kashiwara

It truly is a great honor for me to receive the 2018 Kyoto Prize in the Mathematical
Sciences field of the Basic Sciences category. I would like to express my heartfelt
gratitude to the selection committee members who chose me.

I took this magnificent opportunity to reflect on my more than fifty-year career as
a mathematician. In so doing, I was astonished to realize how much support from others
and how many wonderful opportunities I have been blessed with along the way.

Encounter with Dr. Mikio Sato

In 1965, I matriculated at the University of Tokyo; then, in 1967, I joined the
Mathematics Department. At that time, I did not have the slightest inclination to
become a mathematician. What ultimately triggered my choosing that career path was a
chance meeting with Dr. Mikio Sato in 1968, when I was a senior student.

This is me posing for a photo with Dr. Sato. I believe that it was taken some 10
years after our first encounter (Fig. 1).

Dr. Sato was the founder of the field of algebraic analysis.

Roughly, mathematics can be subdivided into the three categories of algebra,
geometry, and mathematical analysis (Fig. 2). In algebra, you expand numbers and
their mathematical operations into something other than the ordinary numbers for
research purposes. Cited here as an example is a matrix. In a matrix, if you change the
order of multiplication, you get a different product; that is, a new phenomenon is
generated. Geometry is the study of figures. In mathematics, we call variable quantities
functions and analysis is the study of functions. Illustrated in this slide is a graph of a
function.

I will return to the subject of algebraic analysis in more detail later but, for now,
suffice to say that it is a field of mathematics for studying-using algebra—essential
qualities that lie deep within mathematical analysis.

Research into algebraic analysis

Dr. Sato was a great mathematician who possessed tremendous creativity and
unique perspectives.

Toward the end of the 1950s, Dr. Sato introduced what is now known as Sato’s
hyperfunction, thereby expanding the concept of a function to its limit. In 1960, he also
indicated the importance of D-modules in a colloquium of Department of Mathematics,
the University of Tokyo. A D-module is basically the object of algebra but he suggested

that the true essence of mathematical analysis could be captured by using it, thus

143



@i o

BT DOWZE

Pl d, KRR B e K E T

PSR E, 19504EA D 0 12, (RO E IS LD EEA LT, M
OEEEMBPIC F TR SN E Lz F7219605E DR GURSAREFHE DO KRR AT,
DIBEOEEZIEHE SN T Lz DIFRIRBONR T, Rz nz i
WA LI L o TITFOREZIRR BT ENTEL L ZRB L, ZOBRONRIIR
ol E R ENz0TT,

NI EDORFEHEROFERTT (Fig. 3)o MURBITF72 5 72/MAE ZRRIEA SIS
niz/—hrTY,

IMRE =R AT E DOBIEEOBBE e L CTB 5N E L72(1935- HRFEE30
)6 19674E, FAATKEF SEEDRFIZ, 7 A1) WIS Slio T S, (RO
DiEFREIHOONTE Lz RDBZNZREL TVWE T, 2L T, TOEIEII68ER
M OAEEEA L & BIAEBIRIT O € I F— %2 IR S 20T,

IS LRI L MR E DB HE T, BOADWIHEZZESN-LED
bOTY . MM, AHAVMAA T, iU, ZOBZAAEHTEIEL
oW TiEm L TWAEETY (Fig. 4)o

B2 I —

CORBIRHT DX I F—1d, lEEAS BT 2E5EIO VT 1 R O %
T25E0) LOT, ISP OEM b  REEH I F—TL7,

Z RIS L TW 20, FAD 1 AEEHEDM SRS ATT,, YIS
SAMEL 1R 57O TTR, BICFDEIF—DFEERX U N=TL7, WG5S
A 2O IF = OBMEBELFID LN, ZOLIF—=ICHFETLLII1RD T
L7z SNHEIHIT 20505 Z -2 TL7 2,

T2, SDIADNS, BFEHI LD E B ERIRODTY,

e i BRI

PSRN 19694F DD, BRFTRIE L W) Wi 7 4 77 2t s T L
2o ZHUE BERICHIZ UL, TSR — AT YT E VR BTL 29 ZORIRIT
RS, BRI ORN TH V) . € ORDIHTHEERIIR S R 5272723 T
% MOBEIZH WA WAL TR LT E E L7,

144

Commemorative Lectures

illuminating the future direction for algebraic analysis.
These are the notes from that colloquium which were taken by then Assistant, Dr.
Hikosaburo Komatsu (Fig. 3).

IMREEIZ LS Sk THH T2 FU R (1970) D 5
Colloquinm talk noted by Komatsu Sato and Komatsu(1070) &8 wimmses
Fig. 3 Fig. 4

Dr. Hikosaburo Komatsu (born 1935) was in his 30s at that time. He later went on
to study Sato’s hyperfunction. In 1967, while I was a junior at the university, he returned
from the U.S. to initiate classes in that subject, which I also attended. In the following
spring of 1968, he and Dr. Sato jointly launched a seminar on algebraic analysis.

This is a photo of Dr. Sato (left) and Dr. Komatsu (right) on the occasion of their
receiving the Asahi Prize. They were discussing microlocal function when the photo was
taken (Fig. 4).

Algebraic analysis seminars

Guest speakers were invited to the weekly algebraic analysis seminars to give one-
hour lectures on relevant topics. These were highly interactive seminars with many
questions being asked by the participants during the lectures.

One of the most active participants was Takahiro Kawai, who was my senior by
one year. He was in his first year of the Master’s Program but he had become one of the
key members of the seminar series. I began attending the seminars at his insistence and
that is what triggered my interest in algebraic analysis.

It was also around that time that I began giving serious consideration to a career

as a mathematician.

Microlocal function

At the beginning of 1969, Dr. Sato presented an innovative idea called microlocal
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function. To use a baseball metaphor, it was an out-of-the-park grand slam. From
microlocal function developed microlocal analysis and that concept not only had a
significant impact on mathematical analysis in general but also caused a ripple effect in
other fields in various ways.

That, approximately, was when I started to get involved in joint research with Drs.
Sato and Kawai, even though my advisor at that point was a professor of algebraic
geometry by the name of Kunihiko Kodaira.

Professor Kodaira’s seminars

Professor Kodaira was a notable mathematician who made significant
contributions to the development of 20th century algebraic geometry, for which he was
awarded a Fields Medal in 1954. He worked in the U.S. for a time but returned to Japan
in 1967.

This is a photo from that time of Professor Kodaira and Dr. Friedrich Hirzebruch
(Fig. 5). Back then, airfares were quite expensive and so it was normal to stay at a
particular destination for quite a long time when one traveled abroad. Dr. Hirzebruch
was no exception; he stayed at the University of Tokyo for one month in the winter of
1972. This photo was taken at the time.

Right around then, Dr. Phillip Griffiths (born 1938) wrote a series of papers on
period mapping, the pre-prints of which he sent to Professor Kodaira almost every
month. I remember that it left Professor Kodaira at a loss for words. I had to read Dr.
Griffiths’ papers in Professor Kodaira’s seminar for one semester but that was the only
occasion on which I had the pleasure of receiving guidance from Professor Kodaira.

That was because I spent most of my time in those days doing research into
microlocal analysis under the supervision of Drs. Sato and Kawai.

Doing research in Kyoto

In 1970, Dr. Sato and Dr. Kawai both moved to Research Institute for Mathematical
Sciences (RIMS), Kyoto University. In the following year, 1971, I completed my Master’s
Program at the University of Tokyo and secured a position as an Assistant at RIMS. For
several years thereafter, Drs. Sato and Kawai and I were immersed in the building of
microlocal analysis in Kyoto.

The outcome of our joint efforts was a 250-page paper published by Springer,
which was included in the proceedings of the Taniguchi Symposium in Katata. This

paper is known as “SKK,” combining the initials of “Sato,” “Kawai,” and “Kashiwara.”
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This is the proceedings containing the SKK paper (Fig. 6). It is hard to gauge
from this photo how bulky the document is but it is actually four to five centimeters
thick.

In retrospect, the experience of having worked on mathematics with Drs. Sato and
Kawai is what would sustain my career as a mathematician.
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Day in, day out in the office

After moving in Kyoto, I did nothing every day but take part in seminars at Dr.
Sato’s office. The three of us would get together in his office, in the afternoon, to share
the previous day’s results of our respective research efforts, followed by exhaustive
discussions.

Dr. Sato’s office had a great view—facing Kyoto University’s Graduate School of
Science Botanical Gardens to the east, beyond which was Mount Daimonji.

This is Mount Daimonji as viewed from RIMS, today (Fig. 7). As you can see, the
trees have grown taller to block the view from the office.

In the evening, we would dine together at a restaurant near the university, called
Ginsen, where our mathematical discussions would continue.

During this period, Kyoto was the world center of microlocal analysis. We made
full use of the idea of “microlocal” to shape the mathematical frontiers of the world of
that time. I was immensely lucky to have been taught by and worked with Dr. Sato
during those golden years.

Delta function

Now, let me describe one of the mathematical achievements of Dr. Sato, which
would form the foundation for my mathematical research. I will try to speak in layman’s

149



FNE L V) DR BB, BIZILE N « = 0 THERK, ZoMho kT,
0 Dfiix & 2B TT. HAHRANI, BB ZN > TRERMFH 2, Sy LikTr
WA DD, TV EBOEMEWZBTL &9 (Fig. 8),

CHUZF VY BBOBMTY, TOXHIZEEOITIZO TETAS B TR
KEL %D, ZO%FEZ0ITR->THL DT,

TIT BIEDIEEL
| ZOENE, Ty BIEEELIL T CETT
| — rwiroMEEELET. Jhid
[ eMEALAMNECRDEE, o=0DHTIE
i VST EETHL 1= 00T L TR
M KECHE>TVEET
| T = 0TOf
i ) y= y = 6.66667
I
A (Fyc) y y = 14.2857
. —_— | S F vVl oy o 25
7 A RARY BT AT MR YT h S L B A B RET
S function LES 2:2 0T
Fig. 8 Fig. 9
Yok

TN B x = 0 \HERE A FE D, BHOBRTOBMTIRH ) TEA. Ihz
EDVRT B0 L) DIZ20HEALGED DR FEORE LIET L7z, 77 Y ADH
ZF#Laurent Schwartzid, #BEI%L (distribution) &\ )R ) HTZOMREZ L F L
Too HEHESEAEIL. T2 EdHLWR ) HTHRL 720 TY, ThrfkikEoBI
(Sato’s hyperfunction) EFHIN L D TT, E06FNe THPLEL &9,

ZA4 i

CORET VI BBEEPD L T LHITT (Fig. 9)o phrEWv) x OBKEE
ZFETo TDe LWV DIXFY VX LFT, FFTIINSRERR) & X12fli)
PIEFICLNTT, SO e NEALANEL BDLE, x=0DWTIX0ITEDEF
FH, x=0DFTCEL TEREL o TWET T, THIIZFDOBITTA, KR/
X OYEZ e =0.150 T, e BNESITPSVWHFRORO L &, FEOMT
WWhEL 2D, FUSTIERES D 9, EHIem/hsLTe=0.041CF 5L,
JFiCIIFFICRELS D, ZOMTIINSL D T, TOLHIT, 5013k
DWIRIRAT IV S BB CTH B EEZ HNE T,

150

Commemorative Lectures

terms, but I'm not sure how successful my attempt will be for those who are not
mathematicians.

A function is how you make points correspond to numerical values in time and
space. For example, when you are traveling on a Shinkansen bullet train, youll get a
function if you have the train’s speed correspond to each time. Similarly, if you have a
temperature reading at a given time and location in Kyoto City corresponding to the
time and location, you'll get a function.

A delta function is a function whose value is infinite at one time, say, origin x =0,
butis 0 at other points. An approximation of a delta function is when you suddenly hear
a loud sound after dead silence, which stops instantly (Fig. 8).

This is a graph of a delta function. As you can see, the value is 0 at points other
than the origin, but increases infinitely at the origin and returns to 0 afterward.

Sato’s hyperfunction

Delta functions have a singularity at x =0, so they’re not a function in the
ordinary sense of the word. How to interpret this was a major mathematical issue in the
early 20th century. A French mathematician by the name of Laurent Schwartz used
“distribution” to interpret this. Dr. Sato applied a totally new approach to this issue,
which is now referred to as Sato’s hyperfunction. Let me explain it.

Approximation of delta function

This graph gives you an example of an approximation of a delta function (Fig. 9).
Here, we have this function of x, which is ﬁ Now, this ¢ is a Greek character that
is very often used to deal with a minute quantity in mathematics. As this ¢ gets smaller
and smaller, the value of the expression approaches 0 when not x =0 but gets larger as
it gets extremely close to x =0 . In this example, the small green peak is reached when
¢ =0.15. In the blue graph, where ¢ is smaller, the value becomes small outside of the
origin but larger at the origin. If you make & even smaller, to ¢ =0. 04, the value
becomes very big at the origin but small otherwise. In this way, the limit state where ¢
is very close to 0 is a delta function.

Embedding real numbers into complex numbers
Now, how can we interpret this function of «x ; thatis, x%gz? Dr. Sato came up with
the innovative idea of embedding space of real number into space of complex number.

In this graph, here we have space of real number, or the real axis, which is shown as a
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one-dimensional black line (Fig. 10). Surrounding the black line are planes of complex
numbers. Now, real numbers divide the complex number planes into the upper half
planes in green and the lower half planes in yellow. Real numbers were created to
describe the world as we normally see it. In contrast, complex numbers are rather hard
to understand. Yet, in the mathematical world, complex numbers are more important
than real numbers because polynomial equations can always be resolved if we use

complex numbers.

The world of complex numbers is clearer than that of real numbers

Let’s say we have an equation, x>~ 1=0 (Fig. 11). As you know, this equation has
real number solutions of 1 and - 1. On the other hand, the equation x%+1=0 does not
have real number solutions. However, if we expand the scope of solutions to include
complex numbers, we have two solutions of 7 and - 7. Now, 7 is a square root of - 1
and is called the imaginary unit. In the scope of real numbers, x 2~ 1 can be factorized
into (x-1)(x+1). On the other hand, x 2+ 1 cannot be broken down if we use real
numbers only, but it can be factorized into (x-:)(x +¢), which is a product of two
linear expressions if we expand the scope to include complex numbers.

As this shows, complex situations where sometimes we have solutions and
sometimes we don’t if we use only real numbers can be made transparent and clear if we
use complex numbers as well. In mathematics, it is very important to create a simple
situation like this; not to mention... it’s fun!

Now, if we extend the scope to complex numbers, =%, can be expressed as the
= and = G =%(x+ll-s -+=7)) (Fig. 12). The limit of ¢
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x+tie
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these two boundary values is a delta function. This is the solution that Dr. Sato arrived
at. He hit upon the idea of describing a hyperfunction that has been generalized when
the scope is extended to include complex numbers by using either a sum or the
difference between two boundary values of a good function defined on the upper half
plane and another good function defined on the lower half plane.

Innovative nature of Sato’s hyperfunction

It is a classical approach in algebra to embed real numbers into complex numbers,
but what made Sato’s hyperfunction innovative was that he did this for analysis.

This approach can also be used very effectively in linear partial differential
equations. As in algebraic equations, linear partial differential equations can be solved
beautifully in space of complex numbers. This is now known as the Cauchy-
Kovalevskaya theorem. Augustin-Louis Cauchy, along with Carl Friedrich Gauss, was a
mathematician who built the foundation of modern mathematics. Sofia Kovalevskaya
was a pioneering female mathematician who made remarkable achievements in
mathematical analysis (Fig. 13).

If we use this Cauchy-Kovalevskaya theorem, we can clearly see the state of
solutions in the world of complex numbers. From this, we can see the state of the real
world in principle. A function in the world of real numbers is given as a boundary value
of a function in the world of complex numbers and so we can know the state of solutions
in the world of real numbers based on the state of solutions in the world of complex
numbers. But, this is a case of easier said than done and we need the assistance of
algebra. For us to make this a reality beyond conjecture, we had to wait until we had
succeeded in microlocal research of sheaves through joint research with Professor
Pierre Schapira.

This is a photo of Professor Schapira and me together, taken around 1980 at his
house (Fig. 14).

A=Y= ATLITRAAT
Cauchy and Kovalevskaya

S B D5 (108046

)

at Schapira’s home around 1980

Fig. 13 Fig. 14
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At a café in Paris

As I mentioned earlier, Dr. Sato had indicated the importance of D-modules in a
colloquium of Department of Mathematic, the University of Tokyo in 1960.

D standing for “differential,” a D-module is an algebraic formulation of what is
known as a linear partial differential equation. It would be fair to say that Dr. Sato
indicated its importance and I shaped his idea into the current form.

Though I managed to construct the theory, I didn’t have an opportunity to apply it
for a long time. Then, opportunity knocked in 1979. I was staying in Paris and a
mathematician by the name of Jean-Luc Brylinski asked if we could meet because he
had something interesting to tell me. So, I went to a café called Relais Jussieu near
University of Paris 6 and 7 to find out what he had to share. Relais Jussieu no longer

exists now.

Kazhdan-Lusztig conjecture

Professor Brylinski told me about the Kazhdan-Lusztig conjecture, which was
presented in the previous year, and suggested a possibility of using D-modules to prove
them. Actually, his suggestion worked out very well and D-modules played a major role
in the proof.

They conjectured that an answer to the question of how what is called a standard
representation can be decomposed into irreducible representations would be given by
what was known as a Kazhdan-Lusztig polynomial. Let me explain this by way of analogy.

Standard representations can be compared to molecules. Molecules consist of a
variety of atoms. Now, in this analogy, an atom corresponds to an irreducible
representation. The question was how many atoms of each variety compose a given
molecular. The Kazhdan-Lusztig conjecture was used to predict the numbers.

e
HHELBLD o
R 2 BL O B

AT ARy - VaAFay e FREOMTR

Kazhdan-Lusztig conjecture

Fig. 15
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D-modules link algebra and geometry

The number of irreducible representations within a standard representation is an
algebraic quantity. The Kazhdan-Lusztig polynomial, on the other hand, was originally
gained through geometric techniques. As illustrated here, the number of irreducible
representations within a standard representation belongs to algebra (Fig. 15), whereas
the Kazhdan-Lusztig polynomial belongs to geometry as it can be defined by using a
figure called a flag manifold. Algebra and geometry exist on separate mathematic poles
and the Kazhdan-Lusztig conjecture described the relationship between the two, which
is to say that the number of irreducible representations could be gained by means of the
Kazhdan-Lusztig polynomials. But, again, algebra and geometry are very distant from
each other, so it was rather difficult to relate the two directly. Hence came D-modules.

D-modules belong to algebra but what is important for analysis is to find a
solution. The process of finding a solution does in fact belong to analysis. If we consider
the fact that the solution is global or how they behave near a singular point, they belong
to geometry. Accordingly, if we take into account D-modules and their solutions, we can
connect algebra and geometry. The geometric mode of the solution itself can be
connected to the Kazhdan-Lusztig conjuncture.

Using D-modules in this way, we were able to solve the Kazhdan-Lusztig
conjecture. It was a harbinger of a categorical approach to the representation theory
that would come later.

Training in French

I first went abroad in 1972. Together with Drs. Sato and Kawai, I was invited to
France by Professor André Martineau of Université Nice Sophia Antipolis for a year
between fall 1972 and spring 1973.

Professor Martineau was a French mathematician who was among the first to take
notice of Sato’s hyperfunction. However, to our great sorrow, he died of cancer three
months before we arrived in Nice.

Drs. Sato and Kawai were invited as professors but I was a student on a
scholarship granted by the French government. At the time, such scholars were obliged
to take a three-month language course. I took my course in French in a city called
Besancon. That city became famous when the great conductor Seiji Ozawa won first
prize in the International Competition of Orchestra Conductors, so I believe the name
may sound familiar to some Japanese ears. Anyway, Besancon was a beautiful city,
surrounded by a river and castle walls (Fig. 16).
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Staying in Nice

At the time, I couldn’t speak English well, let alone French. Yet, I managed to
convince the authorities to shorten the duration of my language course from three to
two months, and then I headed to Université Nice Sophia Antipolis in September.

I stayed in Nice for a year, but my spoken French didn’t improve at all. I couldn’t
even understand what others were saying. Then, about one year after having returned
to Kyoto, I revisited France. Strangely enough, that time around I was able to
comprehend French and speak a bit as well. It was wondrous because I seldom had a
chance to speak French between my visits to France. I guess it took some time for my
brain to assimilate the language.

It was during this second stay in France that I began a working research exchange

with Professor Pierre Schapira, my long-time joint researcher and a good friend.

Joint research with Professor Schapira

Professor Schapira was studying Sato’s hyperfunction, having earned a degree
under the guidance of Professor Martineau. Because of that, he was invited to the
Taniguchi Symposium, which was held in Katata in 1971. I became acquainted with him
on that occasion.

As I mentioned earlier, a linear partial differential equation can be beautifully
solved in complex number space, as the Cauchy-Kovalevskaya theorem says.
Accordingly, we should, in principle, be able to gain the information that we want in the
world of real numbers from the world of simple complex numbers. It could be said that I
was able to achieve a major breakthrough on this hypothesis when I succeeded in
microlocal analysis of sheaves in 1982 through joint research with Professor Schapira.

BRE Kk

Fig. 17
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Local and global

A sheaf is a key term in mathematics that connects local and global. Local refers to
a property that may be revealed when zooming in at a point in space, whereas global
means a property that can be seen only by viewing the whole space. For example, to say
that figures are connected is a global property.

This illustration depicts an ordinary strip and the Mobius strip. The Maobius strip
is created by taking an ordinary strip and giving it a half-twist, and then joining the ends
of the strip to form a loop. Locally, both are strips and cannot be distinguished from one

another. Globally, they are different as they are directed mathematically (Fig. 17).

History of sheaves

Originally introduced by Jean Leray, a sheaf was used by Henri Cartan to
construct the theory of function of several complex variables. Someone once told me
that a primitive idea about sheaves, called Kiyoshi Oka’s indeterminate ideal, was a
major impetus for this progress.

Leray named a sheaf as “faisceau,” which is French for fascicle. A sheaf is about
connecting individual points to certain sets in space. Hence, the name.

It has been said that, when they translated this term into Japanese, they decided to
translate it as “so (sheaf)” because the pronunciation is similar to the sound of “faisceau.”
However, I haven’t been able to confirm if this is true or not.

Microlocal analysis of sheaves

In modern mathematics, sheaf is a basic term. Of course, it also plays a vital role in
algebraic analysis. In fact, a D-module is one variety of sheaves.

Microlocal analysis started out as an effort to describe how the sum of boundary
values from which direction in the complex domain can be used to write a function in
the real number space by using the concept of co-direction.

I will not go into great detail, here, but Schapira and I developed a theory on
detailed analysis of sheaves in a cotangent bundle; that is, a space that includes points in
space and co-directions. That’s the essence of microlocal analysis of sheaves.

Using this, we are able to get the information we needed on a solution to a linear
partial differential equation in the real number space from a case of a relatively simple
complex number space, as in the case of an algebraic equation.

This approach of microlocal analysis, or microlocal analysis of sheaves, has found

an increasing number of applications in other mathematical fields, as well.
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Over 40 co-authors

It may not be the case today but, in the past, mathematicians rarely conducted
joint research to the same degree as scientists in other fields. However, I have had the
privilege of working on many co-written papers with mathematicians and I have co-
authored papers with some 40 researchers.

It has been tremendously beneficial for me to learn about other fields from my co-
researchers. For example, joint research with Professor Kiyosato Okamoto was
instrumental in resolving what was called the Helgason conjecture on hyperfunction
and the representation theory. I had a very rudimentary idea of what the representation
theory was, back then, but Professor Okamoto was kind enough to walk me through it
during our joint research. He was so generous and took excellent care of me. In a sense,
learning as you perform research is a very efficient way of going about it.

I feel that it has been my great good fortune to have worked and studied with so
many talented joint researchers. I would like to take this opportunity to express my
sincere gratitude to all of them.

Thank you.
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